Abstract. We give some estimates of the first eigenvalue of the Laplacian for compact and non-compact submanifold immersed in the Euclidean space by using the square length of the second fundamental form of the submanifold merely. Then some spherical theorems and a nonimmersibility theorem of Chern and Kuiper type can be obtained.
Introduction.
Let M be an n-dimensional compact connected submanifold immersed in the Euclidean space R n+p . Denote by σ 2 and λ 1 the square length of the second fundamental form and the first eigenvalue of the Laplacian of M. It is well known that if M is a standard hypersphere in the Euclidean space R n+1 , then λ 1 = n. We find that σ 2 is equal to n at the same time, i.e., λ 1 = σ 2 . Inspiring the exterior rigidity of sphere, a natural problem appears: can you characterize those submanifolds immersed in R n+p as n-sphere by λ 1 and σ 2 ?
The main goal of this paper is to give an affirmative answer for this question. In fact we can prove the following further result. According to Nash's imbedded theorem, every Riemannian manifold can be isometrically imbedded in a Euclidean space of sufficiently large dimension. It is very significant to investigate the geometry of submanifold of the Euclidean space. For example, in the case of an n-dimensional compact hypersurface immersed in the sphere S n+1 (c) with constant curvature c in the Euclidean space R n+2 , similar conclusion can be obtained immediately as follows. In fact we set up a sharp estimate of the upper bound for the first eigenvalue of M in R n+p by using merely σ 2 . A useful version of the lower bound for the Ricci curvature of submanifold stated as a lemma will be given. The lemma can be applied not only to the estimate of the first eigenvalue for both compact and non-compact submanifolds in the Euclidean space R n+p , but in some propositions of the geometry of submanifolds (see [2, 7] ). As is well known, this type of theorems of compact hypersurfaces in the Euclidean space R n+1 was also proven by some authors such as Reilly, Ros, and Deshmukh (see [4, 8, 9] 
where n + 1 ≤ α ≤ n + p, X, Y are vector fields on M. Denote H α the trace of the Weingarten transformation A α , then the mean curvature of the immersion can be written as
From the Gauss equation we have Integrating both sides of (2.9) and using the divergence theorem, it follows that
We have at q,
Integrating both sides of (2.12) and using Stokes theorem, we get
When p = 1 the expression becomes the classical Minkowski formula. It follows from (2.11) that
Substituting (2.14) in (2.10), we reach
where Vol M expresses the volume of M. We take the center of mass of M as the origin zero of R n+p . Then M x = 0. According to the max-minimum principle we get 
We get from (2.15), (2.16), and (2.17)
It follows from the following lemma that
Therefore,
Then we reach 
Lemma and corollaries results.
We need the following lemma. 
Proof. It is known from Cai and Leung (see [2, 7] ) that
where H is the mean curvature of the immersion and ϕ 2 = σ N 2 − nH 2 (see [1] ).
Let us consider the quadratic form with eigenvalues ±n/2 √ n − 1:
By using an orthogonal transformation, F(x,y) can be written as
Thus we derived the conclusion.
In the case of complete non-compact submanifolds in R n+p , Gage (see [6] ) proved that λ 1 ≤ −(n − 1)/4 Ric. Together with Lemma 3.1, we obtain the following corollary.
Now we consider the case of p = 1 in which M is a closed hypersurface immersed in R n+1 . By using Lemma 3.1 and (2.4) in (2.15) we get
Hence we obtain the following corollary.
and the equality holds if and only if M is isometric to a sphere S n (r ) with radius r .
As is well known, a hypersurface in R n+1 possessing the non-negative Ricci curvature implies that it is a convex hypersurface of R n+1 . Thus we can easily get from (2.15) and (2.16) the following. Remark 3.5. Here we only need the condition Ric ≥ 0 rather than Ric > 0 which was assumed by Deshmukh in [4] . We should point out that [4, Theorem 2] is very obvious by means of the expression ∆f = n(1 + ρH) and the property of harmonic functions on the compact Riemannian manifold. 
From this hypothesis of the theorem it follows that Ric(v, v) + S ≥ 0 and
, we obtain a contradiction to (3.10). This ends the proof of Theorem 1.3.
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